The GDTM-Padé technique is a combination of the generalized differential transform method and the Padé approximation. We apply this technique to solve the two nonlinear lattice equations, which results in the high accuracy of the GDTM-Padé solutions. Numerical results are presented to show its efficiency by comparing the GDTM-Padé solutions, the solutions obtained by the generalized differential transform method, and the exact solutions.
Introduction
The nonlinear differential difference equations NDDEs have wide applications in various branches of science, including the mechanical engineering, condensed matter physics, biophysics, mathematical statistics, control theory and so on 1-11 . During the past decades, a large number of solution methods such as the Adomian decomposition method 12, 13 , the Jacobian elliptic function method 14 , the Exp-function method 15 , the G /G -expansion method 16 , and the variable-coefficient discrete tanh method 17 were proposed to solve the NDDEs. Recently, the generalized differential transform method 18-20 combined with the Padé technique named as GDTM-Padé technique was presented in 21 to construct the numerical or exact solutions of the differential difference equations. Due to the Padé approximation, the convergence and the accuracy of the original series solutions can be improved.
In this paper, we focus on solving two nonlinear lattice equations by applying the GDTM-Padé technique. The first nonlinear equation is the hybrid lattice equation 5 defined by
which was related with the discretization of the KDV equations or the modified KDV equations. The second equation arose in the study of continuum two-boson KP systems 3, 22 , which was called as the Volterra lattice equation
∂v n ∂t v n u n 1 − u n .
1.2
The rest of this paper is organized as follows. In Section 2, we introduce the idea of the GDTM-Padé technique for the NDDEs. The hybrid lattice equation and the Volterra lattice equation are studied in Section 3. Numerical results are presented to verify the efficiency. Finally, some conclusions are given.
The GDTM-Padé Technique
To illustrate the basic idea of the GDTM-Padé technique, we consider the general nonlinear difference differential equation
where N is a nonlinear differential operator, u n t is the unknown function with respect to the discrete spatial variable n and the temporal variable t. Applying the one-dimensional differential transform method GDTM , the differential transform of the kth derivative of the function u n t is defined by
The differential inverse transform of U n k is read as
Particularly, the function u n t can be formulated as a series when t 0 0, that is,
In the real applications, we can determine the coefficients U n, k k 1, . . . , m and obtain the mth-order approximation of the function u n t given by
The transformed operations for the GDTM are listed in Table 1 21 . 
Original function Transformed function
To improve the accuracy and convergence of the GDTM solution 2.5 , the Padé approximation 23, 24 is used. For simplicity, we denote the L, M Padé approximation to f x
where
with the normalization condition Q M 0 1. The coefficients of P L x and Q M x can be uniquely determined by comparing the first L M 1 terms of the functions f L, M and f x . In practice, the construction of the L, M Padé approximation involves only algebra equations, which are solved by means of the Mathematica or Maple package. We call the solution obtained by the GDTM and the Padé approximation as the GDTM-Padé solution.
Numerical Examples
In this section, we will illustrate the validity and advantages of the GDTM-Padé technique for the nonlinear differential difference equations. Two nonlinear lattice equations will be studied, where one is a hybrid lattice and the other is a Volterra lattice.
The Hybrid Lattice Equation
Consider the hybrid lattice equation 1.1 with the initial condition
The exact solution to 1.1 2 is of the form
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Using the GDTM technique, the transformed problem of 1.1 can be expressed in the following recurrence formula:
3.3
The transformed initial condition is
One can also easily construct the implicit initial conditions as follows:
3.5
Based on the above initial conditions and the recursive formula 3.3 , we can derive the coefficients U n, k one by one and obtain the approximate solution u n,m t m k 0 U n, k t k . In this example, we set α 3, β 2 and d 0.5. The 5th-order approximate solution at n 5 is given by u n,5 t −0.6259778749 − 0.0018551343t 0.0001686607t
Applying the GDTM-Padé technique to the solution 3.6 , we get the 2, 2 GDTM Padé approximation:
For comparison, we plot the GDTM solutions u n,5 t , the GDTM-Padé solutions u 2, 2 , and the exact solutions of 1.1 in Figure 1 . Figure 2 shows the absolute error of the GDTM solutions and the GDTM-Padé solutions. The GDTM solutions are in good agreement with the exact solutions in the small interval −5 ≤ t ≤ 5 , and high errors appear when t > 5. By the GDTM-Padé technique, the accuracy of the approximation is improved largely. 
The Volterra Lattice Equations
We further consider the two component Volterra lattice equations 1.2 with the initial conditions
We remark that the exact solutions to 1.2 2 are given by u n t −c coth d c tanh dn ct and v n t −c coth d − c tanh dn ct , respectively. Similarly, using the GDTM-Padé technique, we obtain the following transformed problems: with the initial conditions
We first obtain the coefficients U n, k 1 of u n t by the above initial conditions and 3.9 , then derive the coefficients V n, k 1 of v n t , which results in the GDTM solutions 
3.12
The 2, 2 GDTM-Padé solutions to the approximations u n,6 t and v n,6 t can be expressed as 
3.13
We plot in Figure 3 the curves of the GDTM solutions, the GDTM-Padé solutions, and the exact solutions of 1.2 . Figure 4 shows the absolute errors of the GDTM solutions and the GDTM-Padé solutions. The GDTM-Padé method performs better than the GDTM method for this example. We show the absolute errors of |u n t − u n,6 t | and |u n t − u 2, 2 | in the left column of Table 2 . The absolute errors of |v n t − v n,6 t | and |v n t − v 2, 2 | are shown in the right column. Obviously, the errors of u 2, 2 are reduced significantly, comparing with the approximation u n,6 t when t > 1. This phenomenon also appears in the errors of v 2, 2 . 
